In this paper we propose a relative cohomology for associative algebras over a commutative ring. A relative cohomology for associative algebras over afield has been given by Hochschild [2] . In [3] the author has given a cohomology for associative algebras over a commutative ring which is a generalisation of Hochschild's cohomology for associative algebras over a field, a description of which can be found in [l]. In order to be able to show that the relative cohomology proposed here is in the same way a true generalisation of Hochschild's relative cohomology, we require a theorem analogous to [3, Theorem l]. We are unable to prove such a theorem.
Introduction.
In this paper we propose a relative cohomology for associative algebras over a commutative ring. A relative cohomology for associative algebras over afield has been given by Hochschild [2] . In [3] the author has given a cohomology for associative algebras over a commutative ring which is a generalisation of Hochschild's cohomology for associative algebras over a field, a description of which can be found in [l] . In order to be able to show that the relative cohomology proposed here is in the same way a true generalisation of Hochschild's relative cohomology, we require a theorem analogous to [3, Theorem l] . We are unable to prove such a theorem.
I am grateful to the referee for his useful suggestions.
1. The tensor product and Horn of graded modules over graded rings. Let R = 23p*o Rp be a graded ring, A = 23pïo Ap be a graded right A-module and 23= 23p£0 23" be a graded left A-module. Let F be a graded free abelian group generated by the pairs (a, b), where aEA", bEB" (p'èO, 3^0), the pair (a, b) being a homogeneous element of degree p+q. Let G be the graded subgroup generated by the homogeneous elements of the form (a+a', b) -(a, b) -(a', b), (a, b + b')-(a, b)-(a, V), and (ak, b)-(-\)r(a,kb), where a, a'EA"; b, b'EB«; kERT (p è0, q^O, r l>0). The factor group F/G is a graded abelian group which we call the tensor product of the graded right A-module A and the graded left A-module 23 over the graded ring R and denote it by A ®rB. We denote the image of the element (a, b) of Ain^®B23 by a®b. Then (a+a')®b = a®b+a'®b, a®(b + b') = a®b+a®b', and ak®b= ( -l)ra®\b.
Suppose now that both A and 23 are graded left A-modules. We say that f: A->B is a graded-A-linear map if /(a+a') =/(o) +/(a'), and f(\a) = ( -l)'\f(a), where a, a'EA and X is a homogeneous element of R of degree r. The set of all such graded-A-linear maps is an abelian group which we denote by HomK(A, 23). When A and 23 are both right A-modules, we define HomÄ (,4, 23) in an analogous fashion.
The tensor product and Horn defined here are different from the usual tensor product and Horn of graded modules over a graded ring inasmuch as the grading of the base ring A is also taken into account. We shall have occasion to use the usual Horn also in the sequel.
2. The complex <$>(U, V). By a set-couple [resp. module-couple, algebra-couple] (P, Q) we mean that P is a set [resp. module, algebra] and Q is a subset [resp. submodule, subalgebra] of P. By a map [resp. homomorphism] /: (P, Q)->(P', Q') of set-couples [resp. module-couples, algebra-couples] we understand a map [resp. homomorphism] /: P-^P' such that f(Q) EQ'-Let K be a commutative ring with identity 1=^0. By an algebra we shall mean an associative algebra over K and except when mention is made to the contrary an associative algebra will be understood to possess an identity. A homomorphism of algebras will be understood to map the identity (if there exists one) into the identity.
Let (A, T) be an algebra-couple. We construct (cf. [3, p. 172] ) a differential graded algebra-couple (U, V), where U= 2»so Un, V= £nïo Vn, together with a homomorphism of differential graded algebra-couples e: (U, V)-»(A, T), the differential and grading in (A, T) being trivial, having the following properties: for which (x,-xy) •xt = Xj-(xyX(b); x,GXt-, xyGXy, xkEXk, where x,-xy denotes the image of (x», Xy) in Xi+y. In particular, (U0, V0) is an associative algebra-couple.
(iii) The restriction of the homomorphism e: (Co, Fo)-»(A, T) to (Xo, Fo) is a bijective map which preserves multiplication.
(iv) For each w^l, there is a homomorphism of X-modulecouples dn: (Un, Vn)->(C"_i, F"_i) such that for »=1, the restriction of ¿i to (Xi, Fi) is a bijective map of (Xi, Yi) onto the kernel-couple (A^o, ¿o) of e and that for w^2, the restriction of dH to (X", Fn) is a bijective map of (Xn, F") onto the kernel-couple (Nn-\, Ln_i) of dn_i. We define do = 0. 
where xESn-i(U, V), v is a homogeneous element of F and uEU.
We now define two differentials dr: Sn(U, V)->Sn(U, V) and ds: 5"(Í7, F)-»5"_i(i7, F) with the help of d and t exactly as in [3, p. 166] and set d=dr+d¡.
We thus obtain a A-linear homogeneous map d:S(U, V)^>S(U, V) of degree -1 such that d2 = 0. The explicit formulas for dr and d¡ are
3. The relative cohomology of an algebra. Let M be a A-bimodule. Let U* [resp. F*] be the opposite algebra of U [resp. V] and let Ue-U®k U* [resp. V'= V®K V*] denote the enveloping algebra of U [resp. V]. Then M can be given the structure of a left Ce-module. We denote by Homue((&(U, V), M) the direct sum ¿2Homv(Sn(U,V),M).
It can be shown as in [3] that Homu'(<$>(U, V), M) is a complex and the differential S is given by 8f=fd, where /GHomr/((B(C V), M).
If we write Un=U®v • • • ®vU (n factors) with U°= V, there is a natural isomorphism
where /GHomv(C7n, M) and m0, • • • , «n+iGC We now have an isomorphism
If /GHoim*(Cn, M), then S/=g+Ä, where gGHomv*(Cn, M) and ÄGHomF'(C"+1, M) such that such that iri(yki, X2, X3) =77Ti(Xi, X2, X3), iriCkry, X2, X3) = iri(Xi, 7X2, X3),
iri(niy)=irt(ni)y, ir4(¿i) = 0; X, Xi, X2, X3GA, 7Gr, m0GA70, »iGAi, and /<,, ¿íGAi.
Similarly, a relative 4-cochain is determined by eight maps satisfying a number of relations.
The calculations show that H°(A, T, M) is isomorphic to the submodule of the A-module M consisting of elements mEM for which \m = mk for every XGA. Hence 2?°(A, T, M) coincides with 2î0(A, M) defined in [3] . where ^(A, M) is the 1-cohomology module defined in [3] . This homomorphism is actually a monomorphism, since a principal A-[June homomorphism which is also a crossed T-homomorphism is a principal T-homomorphism.
Interpretation of H2(A, T, M)
. Let ß: E->A be an onto homomorphism of algebras with kernel M and let p: r->£ be a homomorphism of algebras such that (i) ßp is the identity map over T, (ii) p can be extended to a map p:A->E for which ßp is the identity map over A and p(y\) = p(y)p(\), p(ky) = p(X)p(t), XGA, 7GI1. We say that the triple (E, ß, p) is a relative extension of the algebra-couple (A, T) with kernel M. We note that M is a subalgebra of E not necessarily having an identity. Two relative extensions (£', ß, p) and (£', ß', p') of the algebra-couple (A, V) with the same kernel M are said to be equivalent if there exists an isomorphism <p: E->E' such that ß = ß'<p and <pp -p'.
A relative extension (E, ß, p) is said to be special if the product of any two elements of the kernel M is zero. In this case ß induces a A-bimodule structure over M. Theorem 1. Let (A, T) be an algebra-couple and let M be a A-bimodule. Then there exists a natural one-one correspondence between the relative cohomology module H2(A, Y, M) and the set of equivalence classes of special relative extensions of the algebra-couple (A, T) with kernel M which induce over M the given A-bimodule structure.
The proof is similar to that of [3, Theorem 4] .
Interpretation of LP(A, Y, M)
. Let A be an algebra not necessarily having an identity. Let (E, ß, p) be a relative extension of the algebra-couple (A, T) with kernel A. We do not suppose that the product of any two elements of A is zero. Let MA denote the algebra of bimultiplications of A and let Pa denote the quotient algebra of exterior bimultiplications of A [3, p. 197] . Since A is a two-sided ideal in E, the map which assigns to every element e of E the inner bimultiplication of E induced by e gives a homomorphism of algebras v: E->MA. Since A is mapped into the subalgebra of inner bimultiplications, v induces a homomorphism of algebras 0:A->P¿. If we compose v with the homomorphism p: T->£, we get a homomorphism of algebras a: Y->Ma-Since p can be extended to a map p: A->E for which ßp = idA, and p(y\) =p(y)p(\), p(hy) = pÇk)p(y) where XGA, yEY, it follows that a can be extended to a map â: A-+MA for which Çâ = 9, and ä(yX)=a(y)ä(X), ä(\y) = à(X)<r(y) where XGA, 7GT, f being the natural homomorphism of MA onto Pa-We see that a relative extension determines two homomorphisms of algebras 9 and cr which satisfy the properties just described. Both 9 and a are regular homomorphisms [3, p. 199] .
Conversely, suppose we are given two regular homomorphisms 0:A->Pa and a: T^Ma which are such that it is possible to define a map <x:A->A/a having the following properties:
(i) ÇB = Q, (ii) the restriction of the map ¿r:A->MA to T is the given homomorphism <t:T->Ma, and (iii) ¿(yk) = <x(y)ff(k), cr(ky)=ff(k)a(y)
where XGA, 7GT. Does there exist a relative extension (E, ß, p) of the algebracouple (A, T) with kernel A which determines the two regular homomorphisms 8 and <r? We shall associate with the pair (9, <r) an element of the relative cohomology module H3(A, Y, Ca), where Ca is the bicentre [3, p. 198] of A. We shall call this element the obstruction of [3, p. 200] in terms of xi and X2-It is easy to verify that these four maps satisfy all the relations necessary to determine a relative 3-cochain with coefficients in the A-bimodule Ca-It can be shown as in [3, Theorem 5 ] that this relative 3-cochain is a relative 3-cocycle and that it determines an element of H3(A, Y, Ca) which is independent of the choice of the map <t:A-^Ma-This element is called the obstruction of (9, a). We are now in a position to answer the question raised at the beginning of this section. The proof is similar to that of [3, Theorem 6] . Finally, the X-module HZ(A, Y, M) can be interpreted in terms of the pairs of regular homomorphisms (9, a).
Theorem 3. Let (A, Y) be an algebra-couple and let M be a A-bimodule. Let f be a relative 3-cocycle of (A, Y) with coefficients in M. Then there exist an algebra A having M as its bicentre and two regular homomorphisms 0:A->Pa and <t:Y^>Ma satisfying the conditions (i), (ii), and (iii) described above such that 9 induces over M the given Abimodule structure and that f is the obstruction of the pair (9, a).
The proof is similar to that of [3, Theorem 8] , but one has to start with the algebra L= U0+ U"®vU0+ ■ • ■ + Uo®v ■ ■ ■ ®vU0+ ■ • • instead of the algebra L in [3, p. 205] , in which the tensor products were taken over K. Remark. It would be interesting to investigate whether the relative cohomology proposed in this paper reduces to the absolute cohomology given in [3] when we take for Y the image of K in A under the natural homomorphism K-+A which maps the identity of K into the identity of A. If we denote the image of K in A by K itself, it is evident that an absolute cochain of A [3, p. 182] is not a relative cochain of the algebra-couple (A, K), since the maps which determine it need not satisfy any relations of the type described in §4. Yet the interpretations of H°(A, Y, M)and H^A, Y, If) show that H°(A, K, M) «#°(A, M) and iP(A, K, M) *>Hl(A, M). Since the relative cohomology has been described in terms of the canonically constructed algebra-resolutions U and F of A and Y respectively, the first task, as already indicated in the Introduction, is to construct a category of objects (U, V, A, Y, e) (cf. [3, Chapter II] ) and to prove theorems analogous to [3, Theorems 1, 2] . The second task will be to see whether we can take V=T, when T is A-projective. If this is found possible, we shall have shown that the relative cohomology does reduce to the absolute cohomology when we take T = A.
